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SUMMARY

An analytlic investigation is made of the asrodynamic coefficients of
various bodies located in a free-molecule—flow field. These bodies are
the followlng: flat plate, cylinder, sphere, and cune. Calculations are
performed using valuss of molecular speed ratio (ratio of stream speed to
most probable molscular speed) ranging from O to 20. '

The asrodynamic coefficlents of a cone are calculated for angles of
attack ranging from 0° to 60°. The semivertex angles of the cones investi-—
gated vary from 2.5° to 30°. ST

The calculatlons are performed assuming two types of molecular
reflection, specular and diffuse; in addition, for the cone, a thlrd type
of molecular reflection, wherein impingling molecules are not re-emitted
from the body but are swept along l1ts surface, 1s postulated in order to
compare ‘the drag coefficients calculated by free-molecule—£low theory with
values obtained from continuum theory. :

INTRODUCTION

Consideration of the problem of the flight of high-speed long-range
alrcraft has indicated that skin temperature and drag forces may be
considerably reduced by operation at high altitudes., Consequently, it
becomes of interest to determine the aerodynamic forces arlsing from high—
speed flight at high altitudes. Flight at altlitudes where the molecular—
mean—free path is larger than a characteristic body dimension is in the

" free-molecule—Flow regime. Molecular-mesn—free path as a function of

altitude is given in reference 1. (At an altitude of 75 miles, the mean-—
free path is about 1 foot.) Calculations relating skin temperature,
altituds, and veloclty have previously been completed in reference 1;
drag forces, however, were not computed.

Analytic Investigations of the drag forces acting on simple body
shapes In free-molecule flow have hsen reported in references 2, 3, and
4, while experimental Investigations have been described in refbrences

4 and 5. T
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In all these anslyses, it was assumed that the gas molecules have a
Maxwellian distribution of thermal velocity superimposed upon the mess
veloclity. This assumption 1s likewlse made in the present paper.
Hoineman (reference 2) and Ashley (reference 3) have calculated the aero—
dynamic coefflclents for various body shapes including the flat plate,
sphere, cyllnder, and cone. However, the expressions for the drag coef—
ficients of the sphere and cylinder were not integrated by Helneman,
while Ashley's solution for the cylinder was not expressed In closed
form. Also, in both papers, the drag coefficlents for the conical bodles
were calculated only for the special case of zero angle of attack, In
this paper, the drag coefficilents for the sphere and cylinder are ex—
preased in closed form, and the calculations for the drag coefficlents
for the cones are extended to lnclude angles of attack other than zero.
Two types of molecular reflectlion, diffuse and specular, are investi-
gated. Molecular reflection which occurs 1n a random direction without
relation to the previous veloclty direction is termed diffuse reflec—
tion. Reflectlon such that the molecules leave the surface at an angle
equal to the angle of Incidence is called specular reflection.

As previously etated,; free-molecule theory accounts for both the A
mass motion of the gas and the thermal motion of the molecules, ZEarly
Investigations of rarefied gas flow were based upon the assumptlon that
the velocity of the molescules was equal to the translatory velocity of
the gas, thus neglecting the thermal motion of the molecules. As
pointed out by Zalm (reference 6), expressions for the forces acting om
various bodies located in a fleld of such particles were derived by
Newton, who assumed that the molecules were eilther perfectly elastic or
perfectly Inelastlic. A perfectly elastic moleculs rebounds after a
collision with a surface in such & manner that the n rmal component of
veloclty 18 reversed. A perfectly inelastic molecule loses the normal
component of velocity upon impact. In bhéth cases, however, the tangen—
tial component remsins unchenged. In this paper, flow of elastic par-—
ticles having only a translatory mass motion will be termed "Newtonian
flow," and flow of inelastic particles will be termed "inelastic
Newtonian flow."

¥

At high flow speeds where molecular thermal velocltles become rela—
tively unimportant, the expressions derived from free—molecule—flow
theory for the forces on a body for the case of specular reflection re—
duce to the expressions for a body in a Newtonlan flow field.

Trelgstic Newtonlan flow approximates the condition of continuum
hypersonic flow in which the shock wave liss very close ta the body.
Consequently, lmpact forces of inelastic Newtonian flow have been applied
to an analysis of hypersonic flow (reference 7). In addition to the
impact forces of inelastic Newtonlan flow, other forces of a centripetal
natire exist as a result of flow over curved surfaces. An investigation
of th$ effects of these centripetal forces is also presented in refer— 5
ence .

»”»
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The purpose of this paper 1s to obtain solutions for the aerody—
namic coefficients of various bodies in a free-mclecule—flow fiseld and
to calculate the 1ift and drag coefficlents for a conlcal body at an
angle of attack, assuming two types of molecular reflection, specular
and diffuse. A comparison 1s then made of the drag coefflclent for a
cone at zero angle of attack calculated by free-~molecule methods, assum— ~
ing a hypothetlcal type of molecular reflection similar to that of
Newton's inglastic particles, with the drag coefficient tabulated in
reference T for inelastlc Newtonian flow and the drag coefficient calcu—
lated in reference 8 for continuum flow.

NOTATION

A surface ares, square feet

Cy components of total velocity, feet per second

Cy aserodynamic coefficlent due to impinging molecules, dimensionless

CD1 drag coefficlent due to impinging molecules, dimensicnless

CI.i 1ift coefficient due to Impinging molecules, dimensionless

Cp aerodynemic coefficlent due to diffuse re—emission of the
molecules, dimsneionless

CDr drag coefflicient due to diffuse re-emisslon of the molecules,
dimensionless

ch " 1lift coefficlent due to diffuse re-emission of the molecules,
dimsnsionless

total drag coefficient assuming diffuse re—emlssion
(Cp, + Cp,), dimensionless L
Cy, total 1ift coefficlent assuming diffuse re-emission

(CI-i - GLr), dimensionless

CDS total drag coefficient assuming specular reflection of the
molecules, dimensionless
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total 1ift coefficient assuming specular reflection of the
molecules, dlmensionless

momentum force due to Implngling molecules, pounds

normal diffuse re—emlssion momentum force, pounds

total normal specular momentum force, pounds
modified Bessel functlion of first kind and zero order

modified Bessel functlion of first kind and first order

direction cosines in an arbitrary direction, dimensionless
(Subscripts 1 and d refer to 1ift and drag dlrections.)

. length, feet

Mach number, dimensionless

mess of ome molecule, slugs

number of molecules per unlt volume of gas
radlius of body, feet

molecular speed ratio (ratio of stream mass velocity to most
probable molecular speed)

. /2
<Vm > M), d¢imensionless

diffuse re-emlssion speed ratlo

(—tl s dimensionless
Vr

mass velocity, feet per second

components of mass veloclty, feet per sscond

Fal

a
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Vo

Vr

X1

Qi

most probable moleculer speed, feet per second

most probable re-—emission speed, feet per second

local Cartesian coordinstes

angle of attack of body wlth respect to free strean

reclprocal of most probable molecular speed

<V%n> » Beconds per foot
ratio of specific heats, dimensionless
semivertex angle of cone
angle of attack of body element with respect to free stream
denglty of gas stream, slugs per cublec foot
azlmithal angle measured at base of come
dimensionless quantity defined by
X = exp (—62153%) + /X 8 1x3 [1 + erf (s 1x3)]
dimensionless quantity defined by
Xt = oxp (—8%1,3"%) — /T 8 144" [1 - orf (s 1x3')l
dimensionless quantity defined by
0 = (1BUg + 158Uy + 1,8U,) <exp(—p2Ux®) +
A7 BUx [1 + erf(BUx)]} +—‘\£—’? 1x [1 + erf (BUX)]
dimenslonless guantity defined by
ar =(1,"80" + 15'8Uy" + 1,'BUz') <exp(—p%Ux'2) -
J7 gUzt [1 — ere(BUR? )]} ——"é—"__zx' [1 —~ ere(gUx!)]
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orf(a) error function -2 [ exp(—=x2) dx
N
Superscript
refers to shielded surface only
ANALYSIS

The basic assumptions Involved in the formmlation of the expres—
slons for the force on a body in a free-molecule—flow fleld are the fol—
lowing: (1) the gas molecules have a Maxwsllian velocity distribution
superimposed upon a uniform mass veloclty, and (2) collisions between
impinging and re—emitted molecules are negligible.

As a result of the second assumption, the total force can be broken
down into two components: one arising from the bombardwent by lmpinging
molecules and the other arising from the re-emission of the molec:les
from the surface.

The type of re-—emission of the molecules from the body surface can
be divided Into several categorles, the more common of these being dlf
fuse and specular reflecticon. The phenomenon of molecular reflection 1is
-treated in greater detall In refersnces 1 and 9, and only a brief die—
cusslon l1s given here. Diffuse reflection, which is most common physi-
cally, occurs in such a msnner that all previous dlrectional history is
erased, the actual dlirection of re-emlssion belng controlled by the
Knudsen cosine law. The nature of this type of re-emission is such that
the molecules, upon leaving the surface, have a Maxwelllan distrilibution
of speed which depends upon the temperature of the re-emitted stream.
For the case of specular reflectlon, the molecules leave the surface in
a directlon determined by the angle of lncldence. Thus, the normal cor—
ponent of veloclty 1s reversed, while the tangential ccuponent remains
unchanged.

. The method of calculation of C4 and Cp, the incident and re-
emission aerodynamic coefflclents, is outlined in reference 4, and is
summarized in the following paragraphsS.

Tn the integrals presented below, which are taken from reference 4,
the dlrection cosines between the local coordinate axes of the body sur—
face area and the momentum force are glven ty 1x, ly, and lz. Filgure
1 illustrates the coordinate axes for an element of area used in thise
report. The positive x axls 1s normsl to the element and 18 directed
into the exposed surface. The mass veloclty vector mekes an angle 8
witk the positive direction of the y axis. Figures 2 and 3 illustrate

3
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the elements of area chosen for each of the bodies. The components of
mass velocity Ux, Uy, and Uz are 1ln the direction of the locel axes.
The first integral term applies directly to the ares exposed to the mass
velocity; the second integral term applles to the rear or shielded sur—
face of the body. These areas are teken into account separately because
the front of the body acts as a shield preventing collilsions of the rear
8lde with all molecules except those having absolute veloclty components
in the direction of flight with magnitude equal to or greater than the
flight speed (reference 1). The shielded area on the surface of a cone
is shown in figure L. Other methods have been devised to account for the
shielded area and are presented in references 2 and 3.

Force Dus to Impinging Molecules

The component of momentum In a direction defined by 1Ix, ly, and
lzy Imparted to a differentlal plane area in a free-molecule—flow field
by the lmpact of impinging molecules is

aGy = ,P;%I;I% f f f cx(ixex + lycy + 12Cz) exp {— g2 [(Gx - Ug)® +
-— o Y=— o0 YO

(Gy —_— Uy)z + (CZ -_— Uz)z] } dex d.Cy dcy -

© 0 [0}
f f f cx(izex + lycy + lzcz) GIP{ - B2 [(Cx ~Uz)® +

(cy = Uy)® + (cz ~ UZ)Z:, } dcx doy deg |GA (1)

or
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dGy =

Pg—aJiL = {: (ZxBUx+7'yBUy+lzBUz) {f;t- BUx [1 + erf (BUx)] +
exp (—ﬁzUxa)} +-«/__12r_ ix [1 + oxf (BUI)]]—

[ (ZxﬁUx+ZyBUy+ZZBUZ){,/E pUL[L — orf (BUx)] — exp (—Bzsz)} +
",-g: Ix [1 - orf (B‘Ux)]:] dA | (2)

where o =oN and B = 1/Vy = 8/U.

The cholce of the direction cosines is related to the component
of force being computed. If the drag is belng calculated, 1t lieg nec-—
essary to f£ind the directlion angles between each of the local axes
and the direction of drag. ILlkewise, dlrectlon angles are found for
any other force component belng investigated.

In applying equation (2) to arbitraery bodles, the momentum force
in & desired dlrection due to the impinging molecules is first found
for an elemsnt of area of the body under investigation. When this

relationship is used, an integration over the surface area of the body

gives the desired momsntum force on the entire body dus to Impinging
molecules. The incident asrodynamic coefficient referred to a char-—
acteristlic body area is then found.

Force Due to Diffuse Molecular Reflectiom

For the case of diffuse molecular reflectlon, the normal
re~emission force on the front side of a differential area inclined
to the direction of flow is glven by

- 0% X
d'GI' o 2581- da (3)

and the normasl re-emission force on the rear side is given by

. o PUE X!
2 2ss,

4G,

(&)

v
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The difference obtained by subtraction of equation (4) from equation (3)
is the total re—emission force. (See appendix A, reference k4.)

The value of 8y 18 a complicated function of the surface condi-
tion of the body; however, in thls papers; sy 1s assumed equal to s
for all calculations. At low flow speeds, this assumption is very
nearly correct. At high flow speeds, however, the value of 84 18 less
than that of s.

The resolution of the normal force of equations (3) and (L) into
the 1ift and drag components followed by integration over the body sur—
face glves the re-emlssion 1i1ft and drag acting on the body. After
calculation of the 1lift and drag, the aerodynemic coefficients for dif-
fuse molecular reflection can be found.

Force Dus to Specular Molecular Reflectlon

For the case of specular reflection, the molecules leave the sur—
face In a directlion determined by the angle of incldence. Since the
reflsction angle is equal to the angle of incidence, the normal componsnt
of velocity is reversed, while the tangential component remalns un—
changed. Therefore, the momentum change is in a dlrection normal to the
bonbarded surface, and the total momentum force consists of two equal
components: one due to impingsment of the molecules, the other due to
the reflection of the molecules from the surface.

The incldent momentum force on a differential area 1n a directiom
normal to the surface is found from equation (2) by the substitution of
the following dirsction cosines:

lx =cos 0 =1.
x .

Zy=GQS§=O ‘ (5)
P14

1, = cos — =0

2 2

The total normal momentum force for ths case of specular reflection 1s
twice as great as the incldent normal force, and 1t 1s given by

avg - & 2 [{ﬁ[l + er£(BU)] <s20x2 * ]2—'> ¥ stexp(—B"_Uxa)} -

[ R0 - ortom] (R0 + 1) - pozem(2m)} | a4 (6)
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Integration of equaticn (6) over the surface of the body after the nor—
mal force has been resolved Into the 1ift and drag components ylelds the
total 1ift and drag on the body due to specular reflection.

Force Due to Molecular Reflection Analogous to Hypersonic Flow

A third type of molecular reflection 1s postulated here in order to
approximate the characterlstice of hypersonic flow over a body. This
type of reflection is much like that of Newton's inelastic particles,
the only difference being that thermal velocitiles are considered. It is
agssumed that the molecules flow along the body after colllision with the
surface; thus, the normal component of velocity is destroyed while the
tangential component remains unchanged. The valuss of the aerodynamic
coefflclents thus obtained are one—-half the values calculated for specu—
lar reflection. This type of molecular reflection 1s extremely unlikely
and probably physically lmpossible; however, the Justification for this
assumption lies in the fact that the comditions of hypersonic continuum
flow over & body are approximated. In comtinuum flow, the stream fol-—
lows the surface of the body. As the flow speed lncreases, the zone of
influence of the body on the gas stream approaches the surface of the
body until the shock wave lles nearly on the body surface. On the basis
of the above assumption, free-molecule theory 1s compared with continuum
theory.

The expressions for the aerodynamic coefflcients of a flat plate,
cylinder, sphere, and cone together with the detalls of the developmsnt
are presented in the appendix.

DISCUSSION AND EESULTS

Flat Plate

The aerodynamic coefficlents for s flat plate inclined at various
angles of attack to the direction of mass flow were calculated for
values of molecular speed ratio varying from O to 20 and are presented
in figures 5, 6, and T.

The limiting values, as the molecular speed ratio approaches infin—
ity, of the aerodynamic coefficients for a flat plate for the case of

specular reflection reduce to the classical expressions for Newtonian
flow, mentioned by Zahm (reference 6)

Cpg
Crg

4 51n® o

4 8in2 o cos a

rr
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A comparison of the drag coefficlents for diffuse and specular
reflection indicates that the value for diffuse reflection has & larger
value at low angles of attack; at ths hlgh angles of attack, the spec—
ular drag coefficlent is greater. This 1s explained by the fact that,
at smll angles of attack, the drag for the case of specular reflectlion
is due to the small normal component of velocity; whereas the drag for
the case of diffuse reflectlon has a value which results from the loss
of both & small normsl veloclty component and a large tangential velo-—
oity. At large angles of attack, the re-emission velocity arising from
diffuse reflection is less than the re—emission velocity due to specular
reflection, while the momentum effects of the Incident molecules are
nearly the same for both cases. Thus, the total drag coefficlent dus to
specular reflection is greater. This last polnt is made clear by consid—
ering a flat plate at a 90° angle of attack.

The lift—drag ratios for the plate are shown in filgure 6. The ex—
pression for the 1ift—drag ratlo for specular reflection ls cot a.
Obviously, these valuss have & great rangs. The aerodynamic coefficients
for double-wedge wings can easlly be found by modifying the coefficlents
for the flat plate. The low values for dlffuse reflection are notable.

Cylinder

Values of the total drag coefficlent for the case of diffuse re—
flection were obtalned from reference 4 and are presented in figure 8.
An analytical expression for s8p employed In the calculations of ref-
erence 4 was found by means of an energy and mass balance over the sur—
face of ths cyllinder taking into account conditicus which exist at the
surface of the cylinder. Detalls of the calculations can be found In
appendix A, reference k.

A recent experimental investigation of drag (reference L) has sup—

plied the drag—coefficient data plotted in figure 8. Theoretical

curves of the drag coefficient for both dlffuse and specular reflection
are plotted for compsrison with the experimsntel data. A camplete dils—
cussion of the camparlson of the experimentel dats and the curve repre—
senting diffuse reflection can be found in reference 4. In addition, a
curve of the drag coefficient for the case of diffuse reflection, which
includes the assumptlon that the molecular speed after impact is the
same as that before lmpact, is shown for comparison wlth the drag co—
efficient obtained from reference 4. The curves agree well at the low
speeds, but diverge as the molecular speed retio increases.
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Sphere

The results of the calculations for the drag coefficient for a
sphere are presented in figure 9. The drag coefflcient for the case of
diffuse reflection ls compared with the drag coefficlent for the case of
specular reflection. The value of the drag coefficlent for diffuse
reflection lies above the value for specular reflectlon but both curves
asymptotlcally approach the limiting value of 2 at large valuss of s.

The investigation into the case of specular reflection for a
sphere yields an interesting result. ZEquations (A15) and (A19) indi—
cate that the total drag due to the specular type of reflection has the
same value as the drag caused by molecules striking the surface and
coming to rest; that 1s, the integrated effect of the re-emission drag
arising from specular reflectlon of the molecules from the surface is
zero. It should be noted that the sphere 1s unique in that the re—
emission momentum force of the moleculss reflected in a forward direc—
tlon 18 equal and opposlte to the momentum force of the molecules re-—
flected in the direction of the mass flow.

Cones

Calculatlons for the drag and 1ift coefficlents of the various
cones, assuming three types of molecular reflection, are shown in
figures 10, 11, 12, 13, and 1lL.

Results considering diffuse reflectlon.— Figure 10 gives the drag
coefficient, Cp = CDi + CDr’ for the case of diffuse molecular reflec—

tion. It is interesting to note that the drag coefficlents for the
sharp cones are higher than those for the blunt cones. The impinging
molecules lose both the tangential and normel components of velocity.
The tangential or friction force on the greater exposed surface area of
the sharp cones 1s greater than the btangentlal force on the blunt cones.
Hence, the drag coefflclents are large for the sharp cones since the
reference area 1s the same base area for all cones.

The 1ift coefficlent, Cp, = CLi + CLr’ 1s plotted in figure 11.

The 1ift coefficient for bdlunt cones at large angles of attack de—
creases a8 molecular speed ratlo becomss small. This 1s due to the col—
lision of the top or shielded surface of the cone with molecules posses—
sinug an absolute veloclty in the direction of flight with magnitude
equal to or greater than the flight speed. The momentum force dus to
these molecules 1s then in a direction qpposite to the direction of
1ift.

»-

’y
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At low values of molecular speed ratlo, in the rangs where the
thermal velocity is equal to or greater than the mass veloclty, the
contribution of the thermal velocliy to the sbsolute velocity becomes
a determining factor in the calculation of the aerodynamic coeffi-
clients; whereas, at high values of molecular speed ratio, the contri—-
bution of the thermal velocity is negliglble.

Results consldering specular reflection.— Filgures 12 and 13 give
the drag end 11Tt coefficients for comes for the case of specular re—
flection. At small angles of attack, the drag coefficlents of the blunt
cones have higher values than those of the sherp cones. The reverse 1is
true at large angles of attack. A very sharp cons at zero angle of
attack has very little drag because ths change In momentum of the mole—
cules has only a very small component in the direction of drag. This
component, acting on a blunt cone, is much greater. At a hlgh angle of
attack, the surface ares exposed to the flow by the sharp cones exceeds
the exposed surface area of the blunt cones, for equal base sreas, and
hence the drag force 1s greater for the sharp conss. Slnce the drag
coefficients are referred to the same base arsa rather than a projection
of the exposed area, they must vary in dlrect proportion to the drag
force.

Results considering an approximation of continuum thoory.— The
values of the 1ift end drag coefficients obtained by means of the hypo—
thetlcal type of re—emission postulated in the anslysis are half the
values obtainsd for the case of purely specular reflection in which the
normal component of veloclty 1s reversed as a molecule leaves the sur—
face.

Values of drag coefficlents for cones In continuum flow have been
calculated by Kopal (reference 8). Likewise, reference T describes an
investigation of continuum flow at hypersonic speed. In Ffigure 1L, the
drag coefflcient of a 300 semivertex angle cone, at zero angle of
attack, calculated for the above hypothetical case of molecular re-
flection, ls compared with the drag coefficlent calculated in references

Experimental values for the drag coefficient of a 30° semivertex
cone-cylinder fired in the Ames supersonic free—flight tunnel (reference
10) are also shown in figure 1k for comparison with the analytic
valuss. The experimental values include head dreg on the cone, friction
drag on the cylindrical afterbody, and base drag. Ths free-molecule’
values take into account head drag on a 30° semivertex angle cone only.
At high values of flow speed, the drag coefficient values obtainsd from
free-molecule theory approach the values for inelas” ic Newhtonian flow.
Although the analysis of reference T for flow past a cone takes into

" account centrlfugsl forces arising from flow over curved surfaces, the

expression for the drag coefficlent reduces to that for inelastic New—
tonian flow at zero aengle of attack where the centrlfugal forces are
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zero. The drag coefficlent due to inelastic Newtonian flow 1s repre—
sented in figure 14 -by a straight line, since 1t is independent of flow
gpeed.

In figure 14, the agreement between free-molecule~flow theory and
the experimentel data for a continuum flow at low values of molecular
speed ratio is entirely fortuitous. The increase 1n the value of the
drag coefficient calculated from free-molecule~flow theory 1s due to the
Pact that the drag force 1ls proportlonal to the first power of the velo—
city at low speeds; wherees the increase in the value of the experimental
drag coefficient 1s the characteristic rise which occurs in the tran-
sonle range of stream speeds in continuum flow.

CONCLUDING REMARKS

The lift-drag ratios of a flat plate in Ffree-molecule flow are
very small for the case of diffuse molecular reflection. The 1ift—
drag ratlos decrease as the molecular speed ratlo is increased. At
high speeds, the lift—drag ratios for the flat plate are more favorable
at small angles of attack than at large angles of attack.

For the camse of diffuse molecular reflection, the 1ift and drag
coefficients of all the bodles investigated approech constant 1imiting
values at high spegds. These limiting values depend upon the body
goomotry and the angle of attack. At low speeds, the drag coefficients
for all the bodles approach an Infinite value; thils 1s due to the fact
that the drag force 1s proportionsl to the filrst power of the veloclty
at low speeds.

For the case of specular reflection, the amsrodynamic coefficients
of all the bodles lnvestlgated likewilse approach constant limiting
values at high speeds. These limiting values correspond to those cal—
culated by means of lnelastic Newtonlan flow theory.

Ames Aeronautical Iaboratory
National Advisory Committee for Aercnautics
Moffett Fleld, Calif., May G, 1951.
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APPENDIX
DERIVATION OF THE AERODYNAMIC COEFFICIENTS FOR

BODIES IN A FREE-MOLECULE-FLOW FIELD

The details of the development for the 1ift and drag coefficients
for the various bodles are gliven below:

. Flat Plate

The combined form of equation (2) is.

2 1
ac = Citind {2 <1xﬁUx+7-yBUy+lzl3Uz> [s/; BUx Srf(BUx)+91P(—BZUx2 ):l +
2 Jx 82
LA Tl o~ L L. e
NCE. erf(BUx)} aa (A1)

Since the faces of a flat plate are parallel, the same dlrection
cosines apply to both the front and rear surfaces and the momentum of
the molecules strlking both faces can be collectively itaken into account,
and equetion 2 written in the comblined form is applicable. This is not
true for an element of area chosen for the cone, however, and the com—
bined form of equation (2) cannot be used for that case. For the cass
of the flat plate, equation (Al) gives the incident momentum force on
both sldes of the plate, and the aerodynasmic coefficlents cen be found
wlthout further integration.

The direction cosines and velocity c{omponents are the following:
< .

ilxg = sin o Ix] = cos & U= Usina
lyg = —cos @ lyr, = sin o Uy = U cos «
5 (a2)
sz_ = 0 Zzz =0 UZ = 0
BU =8
y

Substitution of the relations of equation (A2) into eguation (A1)
glves the following coefficlents, referred to the area of one side of
the plste. .
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2

Cn. =
Dy WER:

1
exp (—szsinzd,)+2 sin o <1 + .2_5_5> erf (s sin «) (A3)

cos a
Gy = —3

erf (s sin a) (A%)

The normal force due to diffuse molecular re—emisslon from both
front and rear surfaces 1s glven by the difference between eguations (3)

and (4).
U 1

doy — oy’ = S 5o (x —x') aa (5)

Substitution of Usina for Uy and s for BU 1in X and X!
reduces equation (A5) to

U2 Jfx sl
dGr—dGrr=p2 ‘/—Ssn“

da (A6)
r

The re—emission drag force on an element of area 1s

sin2a
pu W@ aA

2 Sy
and
V7 sin®a
= A
Cor o (A7)
The total drag coefficlient is then
2
Cp = 2 exp (—82 sina) + 2 sina (1 + -—1-2—) erf (s sin a)+m
% 8 28 Sp
The 1ift due to molecular re—emission on an element of area is
U2 Jx sin @ 008 @ 4, '
2 Er
and
% sin o cos o
o, = (48)
The total 1lift coefflclent is then
cos o 8 (oA
CL = —p— erf (s sin a) +.,/:? ins cos @
r

i~
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For the case of specular reflectlon, the total momentum force in a
directlion normal to tka surface resulting from incident and reflected
molecules on both sides of a flat plate 1s

. 1
dGg = g _i . [E_BUxexp( -p=0L2) + 2% <52Ux2 + §> erf(BUx) ] aa

from equation (6).

(A9)

The drag and 11ft coeffliclents are then found after resolving the
normal force as given 1n equation (A9) intc drag and 1ift components.

Cpg = sin o [

sin o exp(—s2sina) +
X s C

< 1 ' (A10)
b { sin?q + —— ) erf(s &in C‘):I
282
Cig = cos @ {45?? gin a exp(—e3sina) +
(A11)

Lk (sin®a + §§§i> erf(s sin m)]

Cylinder

The case of diffuse moleculsr reflection on a transverse cylinder
‘has been investigated in reference 4, and the total drag coefficient
based on the proJected area of the cylinder is

L () (0 ®) 250 (@) @)} -

x3/2

hey

The specular case only remains t9 be consldered here. The element
of area is chosen as shown in flgure 2, thus

dA=LR46

Zxd = s8in B Ui =Usin 6
lyqg = —cos 6 Uy = -U cos 8
sz_=0 UZ=O
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Fach element of area 1s considered to have & rear or shielded area
and the normal force on the cylinder is found from equation (A9).

U" 4R .
dGg = L ‘—25 sin 9 exp(—e2sin=09) +
2 ﬁ g2 L ) -

2 J/x <szsin29 + %) erf(s sin e)] 46

The drag force lis /2 . .
- pU>  MIR

— e [ 1 sln 6 2s sin 6 exp(-sZsin®e + ~
2 7T, [ _ B( )
2 % <s2s1n2e + %) ert(s sin‘e):]de (A12)

The in'begrals are

[ s sy s fn () o (2) (D))

[Mamser e B (F) 1O
o (£) [ ()

' 1 g2
2 + I —_—
: ( "") t\2 ) ]
and the drag coefflcient due to specular reflection, referred to the °

frontal proJjected ares, is

o _24x

e D) [ @) ¢ ey 7 ()] ()

x/2 o
f sin°6 erf (s sin 0) 46
(o]

Spﬁere

As shown 1n Pigure 2, the element of area for the sphere 1s given
by

-

dA = 2nRZ cos 6 46

Y



. /2
s f cos 0.8in 0 erf(s sin @) 4o =

/
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Equation (Al) for the incldent momentum drag force is

2
[25 exp(—s sin26)+

JE sin 6 (282 + 1) erf(s sin 6):' ds -(Alh-.)

The integrals are

/2 Jx

+ 8 cos 8 exp(—s2sin®g) do = erf(s
[ xn( ) a0 - g exe(e)

exp(—s2 )+ < 28
2

o 2~ﬁr_s

~and the inocldent drag coefficlent, referred to the fromtal projected
area, is

erf(s)

25241 Lhe* + 4e21 : '
=Bl rp(e®) + L8t T) rp(e) ¢ (a15)
Wr s 28
The drag force due to molecular re—emission, from eq{:.a.tion'(A6), is
x/2
2./
EI-E- n:sz —£— s8in2@ cos 6 de (A16)
2, o 8y . .
Integration of eq‘m'bion (A16) yields the re—emission dra.g coefficient
A 2V Ed .
CDI_ = Iom 3 : (AL1T)
The total drag 1s given, for diffuse'reflection, by
2 exp(—s2) 1 1 1 24
Op = =2 (1 + =) + 2(1 + =5 — ——)erf(s) +
D JR 8 ( _232)~ ( g2 lLs) (s) Bpr

-

The drag force.due to specular reflection on the sphere is given by

cU2 /=, '
- xRaf Ooif_z- :;n & [25 sin 6 exp(-s2sin®@) +
O . .

‘2 /7 ( s2sin®0 + % > erf(s sin e)Jde (A18)
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The integrals are

K/2 ]

2
f cos 6 sin®0 exp(—s®sin®e) 46 = ,:/; erf(s) — —-—-——e"P(‘B )
o . .

/2 2 g2
cos 6 sin 8 erf(s s8in 6) 49 = oxp(-—s%) < >erf(s)
o ) 2% 8

A T/2

, 3

J cos 6 sin 6 erf(s sin 6) ag
o

s 4
6_32_32_:_3_3_ exp(—82) + i—:? orf(s)
ng 8

and the drag cosfficient due to specular ;eflection, referred to the
frontal projected area, is

28+l T )
. Cpg J_s +s oxp(—s*) +<—s‘—2's4——> erf(s) (419)

Cone

Special attention mustsbe given to the conical body. Two separate
cases must be Investigated, depending on the relationship of the angle
of attack of the cone and the semivertex angle of the cone. At an angle
of attack less than or equal to the semivertex angle, the entire surface
ares is exposed to the mass. velocity, and the total momentum force is
evaluated' by a single intagration. Tor those instances where the angle
of attack exceeds the semivertex angle, a portion of the surface area is
shielded from.the mass velocity, and two separate integrations, one for
the frontel exposed area and one Tor the shielded area, are necessary to
compute the momentum force. \Aerodynsmic coefficients are then found
referred to the base area of. the come. The element of area chosen for
constant angle of attack as shown in figure 3 is given by

_tan B gf o
cos & 2
Cagse I — Angle of attack less than or sgual to the semivertex
angle .— The asrodynamic coefficlent due to impinging molecules referred
o the base area of the cone is given by (from the first term of
=quation (2))




w

NACA TN 2423 21

bid
Ci = —-—_l——_ f Qd(p (.AZO)
o

xs/ 25251n 3]

where

L,
Q= '\ZxﬁUxﬂyﬁUyHZBUz) {exP(—Basz) +a/7 BUx [1 + exf(8Ux)] } +

NEI

X (1 + exf(pUy)] | (421)

Substitution c¢f the appropriate direction cosines into equation
(A20) yields the corresponding 1l1ft or drag coefficient.

For drag the direction cosines are

lyg = cos « 8ln & —8in o cos B cos @
lygg = — cos & sin ® ~ sin a sin & cos @ (A22)
lyg = 8in o s8in @

and for 1ift the direction cosines are

ly; =—s8in a sin 8 —cos a ¢cos B cos ¢
ly3 = sinacos 3 —cos o sin b cos @ (A23)
l, = cosasin g

The expressions for the several velocity componente are the

followlng:

Uy =" U{cos « 8in & = sin o cos & cos 9) ]
Uy = —U(cos o cos & + s8in o sin & cos O) (A2k)
U, = Usin o 8in o J

At zero angle of attack, equation (A20) reduces to a readily
integrable expression and the aerodynamic coefflcients for this case
are '

+
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8 oxp(—e28in3d) + /7 8in & (52 + %) l:l + orf(s sin 5)]

C =
D - (A2
1 A7 82sin B (425)

C];_1 =0

The 1ift and drag coefflicients due to diffuse molecular reflection
are found, from equation (3), to be

T
1
Dy = 2nss,sin © J/‘ Ixa X9 (a26)
o)
and
1 7t
CLy. = mfo Ix1 Xd4@ (a27)
At zero angle of attack,
Op, = 5= (A28)
288
and

CLr =0

The following relations hold for the total lift and drag coeffi-
clents for the case of specular reflection:

n

Cpg = '—-—2——f lxd {BU oxp(—pUx®) +
(o]

7#3/2g2gin B

ﬁ[l + erf(BUx)] (szu,_cz_+ %) ]dCP (A29)

and
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7
2

= ————— 1 U. ( 2.02)'_"
“Is % 3/2g251n 8~/0\ xl {sxexp—ﬁ *

ST [1 + erf(BUx)] (Bzcrxz + %) } ag (A30)

For zero angle of attack

Cp., = 28100 orn(—s2sin?6) + 2 (81n® 5 + —=— ) [1 + erf(s sin 8)]
s /T s 2g®

(A31)

and
CIS=0

Case TI — Angle of attack greater than the semivertex angle.— In

this case, part of the surface area is shilslded from the main flow.
This shielded area is bounded by straight—line elements of the cone
and, at these bowndaries, the flow is tangent to the surface of the
cone; that is, the component of velocity 1ln a direction normal to the
surface 1s zero,

From equation (A2k4)
Uy = U(cos a sin & — sin « cos & cos @) = 0O

at 9 = @3 " (A32)

® _cos—l’oanﬁ
1 tan o

where ®; denotes the boundary line between the exposed and shielded
surface areas &nd is measured around the cone from the vertical as
shown in figure 4.

The total incident momentum for the entire surface area ia
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oU2 12 tan & P1
Gy = = N L [(Zx'ﬁUx'Hy'BUy'sz'BUZ') {exp(—BaUx'e) -
M BUg' [1 - erf(BUx')]} —“—g-’? 1zt [1 - erf(BUx')]:] ae +
7
(LxBUy+15BUL+1, 8T, ) {ex_p(—BzUxa) + a1 BUy [1 + orf(BU)] } +
P1
!g 1x [1 + erf(BUL) 1} | do (A33)
where J
Ix' = —lx Ug' = —TUx
ly' = Zy Uy' = Uy' (A3)4')
It ==l : Ut = =Ty

A change 1n the coordinate axls of the element of area on the
shielded surface of the cone is the reason for the use of ths primed
guantities, The positive direction of the x axie for the exposed area
is into the surface; whereas the positive direction of the x axis for
the shielded area is out of the surface, Since the direction cosines
have been derived for the exposed area, reversal of the x axis over the
shielded area results in the negative quantitlies. For the previous
bodies considered, this procedure was wmecessary since both front and
rear areas were Joilntly taken into accowmt.

The solution of squation (A33), for the incident aerodynamic
coefficlent referred to the base area, ylelds

P1
Ci = -—3/2—'—‘]2'———<f Qrae + ﬁd@) (A35)
%~/ s%sin & Yo (v I

where & and Q' are the integrands of equation (A33). Either the
117t or drag coefficients can be calculated by substituting the appro—
priate dlrectlion cosines.

The re-—emission drag and 1lift coefficients for diffuse reflection

@

1 1 -

Cpn. = Zws? X?

Dr ~ Zrsspsin © < /O‘ xq' X'dP + \Z:( Zde:KP) (A36)

1

are
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: P
N S A t
Clr = Srmaren T < £ Yt Xae +j: zxzxw) (837)

1
The drag coefficient for specular refle.cif:ion is expressed as

o
D5 = E7EE U “ixa' {BUx‘ exp(-820,*") —
[e]
N [1 — er£(BUL")] (saux'z + %)} ao +

n
1xd {BUx oxp(~B2Us2) + 7 [1 + erf(BUx)] (B30 + = )rdo| (A38)
N (e + 2]

The total 1ift coefficient, C]-_,S » is found by subatitution of 1x3;

for 1zxg. The values of the above integrals were found by means of
numerical methods. :
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